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The assumptions on the mechanical behavior of fibers and matrix materials are presented. The coordinate
systems of fibers and plies formed from fibers and a matrix material are introduced. Volume and weight
fractions for describing the fiber content of composites are defined and conversion formulas between volume and
weight fractions are given.
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( Young’s modulus

I1, I2 Ply directionality, proportional amount of fibers in the ply
directions 1 and 2

* Shear modulus

/, 7 Fiber coordinate system

P
$

Mass per unit area of a ply

W Ply thickness

9 Volume fraction

: Weight fraction

α Thermal expansion coefficient

β Moisture expansion coefficient

ν Poisson’s ratio

ρ Density

1, 2, 3 Ply coordinate system, principal material directions

6XEVFULSWV

I Fiber

P Matrix material
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Fibers are assumed to have transversely isotropic behavior, the plane of isotropy being
perpendicular to the longitudinal axis of a fiber. Figure 1.1 illustrates the /7-coordinate
system for fibers. / and 7 refer to the longitudinal and transverse directions of a fiber,
respectively.

The constitutive behavior of fibers is specified by the moduli (
/
, (

7
, *

/7
, and *

77
 and the

Poisson’s ratios ν
/7

 and ν
77

. To fully describe the constitutive behavior, (
/
, *

/7
, and ν

/7
 have

to be known and, in addition, two of (
7
, *

77
, and ν

77
. Hygrothermal expansion of fibers is

defined by the thermal expansion coefficients α
/
 and α

7
  and the moisture expansion

coefficients β
/
 and β

7
. The behavior of transversely isotropic materials is covered more

thoroughly in Part I, Chapter 2 dealing with ply behavior. (To obtain the relations for fibers,
the equations for 23-transversely isotropic plies can be modified by replacing 1 by / and both
2 and 3 by 7.)

/

7

)LJXUH����  /7-coordinate system for fibers.

Matrix materials are assumed to have isotropic mechanical behavior. Hence, there is no need
for specifying a material coordinate system. The constitutive behavior of matrix materials is
defined by the engineering constants (, *, and ν, two of which are independent. Thermal and
moisture expansion is defined by the expansion coefficients α and β, respectively. Isotropic
material behavior is covered in more detail in Part I, Chapter 2.

In ESAComp, unidirectional plies are formed from fibers and a matrix material so that the
longitudinal axes of the fibers are always in the direction of the ply principal axis 1 (Figure
1.2). Bi-directional plies, i.e. fabric and braided plies, are also considered. It is assumed that
the bi-directional ply has fibers in two perpendicular directions that coincide with the ply
principal axes 1 and 2, and that the fibers in both directions have the same properties. The so-
called SO\�GLUHFWLRQDOLW\ I1 indicates the proportional amount of fibers in the direction 1. Thus,
in the direction 2
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)LJXUH����  Ply 123-coordinate system. In a unidirectional ply the fiber longitudinal axes / are in the direction of
the ply axis 1.
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The fiber content of a composite is most often expressed as a ILEHU� YROXPH� IUDFWLRQ (9
I�

),
which is the volume fraction of the fibers with respect to the total volume of the composite.
Apart from the two main constituents, fibers and the matrix material, the total volume of a
composite usually contains a small amount of voids. In the following the void content is
disregarded, thus the PDWUL[�YROXPH�IUDFWLRQ is

IP
99 −= 1 (1.2.1)

The proportional amounts of the constituents may also be expressed as ZHLJKW�IUDFWLRQV (mass
fractions). Knowing the fiber weight fraction, the matrix weight fraction is

IP
:: −= 1 (1.2.2)

The density of a composite in terms of fiber and matrix densities can be written as

PPII
99 ρρρ += (1.2.3)
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From the previous expressions it can be shown that, in terms of weight fractions, the fiber
volume fraction is

PPII

II

I ::

:
9

ρρ
ρ

+
= (1.2.4)

Similarly, the fiber weight fraction is

PPII

II

I 99

9
:

ρρ
ρ

+
= (1.2.5)

If the mass per unit area of the fiber-reinforcement (P
$I

) is known and the fiber volume
fraction of the ply can be approximated, the thickness of the ply can be calculated from

II

$I$

9

PP
W

ρρ
== (1.2.6)
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A simple mechanics of materials approach for determining the mechanical properties of plies based on the
properties of the fiber and matrix material is introduced. Unidirectional plies consisting of a matrix material and
fibers oriented in the direction of the ply principal axis 1 are considered. Formulas for the ply engineering
constants (rule-of-mixtures relations) and hygrothermal expansion coefficients are presented. The approach is
further extended to bi-directional plies by using the assumptions of the classical lamination theory.

6<0%2/6

F1, F2 Correction factors for (1 and (2 of bi-directional plies

( Young’s modulus

′′
21 , (( In-plane moduli of a bi-directional ply modified with the correction

factors F1 and F2

I1, I2 Ply directionality, proportional amounts of fibers in the ply
directions 1 and 2, respectively

* Shear modulus

/, 7 Fiber coordinate system

9 Volume fraction

α Thermal expansion coefficient

β Moisture expansion coefficient

ν Poisson’s ratio

1, 2, 3 Ply coordinate system, principal material directions

6XEVFULSWV

I Fiber

P Matrix material
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In the following, simple micromechanics formulas are presented for predicting the mechanical
properties of a unidirectional ply based on the properties of the fibers and the matrix material
and the given fiber/matrix volume fractions. Fibers are oriented in the direction of the ply
principal axis 1. As described in Chapter 1, the behavior of fibers is assumed to be
transversely isotropic with the plane of isotropy perpendicular to the axis of a fiber, whereas
matrix materials are assumed to be isotropic.

������ (QJLQHHULQJ�FRQVWDQWV
The in-plane stiffness properties of a ply can be approximated with the so-called UXOH�RI�
PL[WXUHV expressions, e.g. [1–3]. For the transverse modulus (2 and the in-plane shear
modulus *12, various formulas are presented in the references. The ones presented by Jones
[1] are adopted here.

Thus, the Young's moduli in the 12-plane are

PP/II
(9(9( +=1 (2.1.1)

and

I7I

7I

(9(9

((
(

+
=2 (2.1.2)

The in-plane shear modulus is

PI/7IP

P/7I

*9*9

**
*

+
=12 (2.1.3)

and the major Poisson's ratio

PP/7II
99 ννν +=12 (2.1.4)

The out-of-plane properties may be derived by assuming that the ply is transversely isotropic
with the plane of isotropy 23. This yields
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23

νν =
=
=
**
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(2.1.5)

The rule-of-mixtures formula for (2 is based on the assumption that stresses in fibers and in
the matrix are equal when a transverse load is applied. Using this assumption, it can be shown
that the Poisson’s ratio ν23 (=ν32 ) can be estimated using the expression

PI7IP

77IPIP7IP

(9(9

(9(9

+
+

=
νν

ν 23 (2.1.6)

Due to transverse isotropy, the expression for the shear modulus *23 can be written as

( )23

2
23 12 ν+

= (
* (2.1.7)

������ +\JURWKHUPDO�H[SDQVLRQ�FRHIILFLHQWV
The assessment of hygrothermal expansion coefficients through micromechanics approaches
is discussed for instance in reference [3]. The thermal expansion coefficients in the principal
directions can be expressed as

PP/II

PPP/I/II

(9(9

(9(9

+
+

=
αα

α1 (2.1.8)

and

( ) ( ) ( ) 12 1 ανννααναα
PP/7IIPPP/I/7I7II

9999 +−+++= (2.1.9)

Since transversely isotropic behavior is assumed, the out-of-plane expansion coefficient is

23 αα = (2.1.10)

For moisture expansion, the corresponding expressions can be written as
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PP/II

PPP/I/II

(9(9

(9(9

+
+

=
ββ

β1 (2.1.11)

and

( ) ( ) ( ) 12 1 βνννββνββ
PP/7IIPPP/I/7I7II

9999 +−+++= (2.1.12)

Again, in the out-of-plane direction

23 ββ = (2.1.13)
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The theory presented for unidirectional plies may be extended for bi-directional plies by
modeling them as laminates formed from unidirectional plies. The expressions of the previous
section are first used for determining the properties of a unidirectional ply that is made from
the same materials with the same fiber fraction as the bi-directional ply.

The in-plane properties of the bi-directional ply can now be determined based on the classical
lamination theory (CLT). The unidirectional plies are used for creating a symmetric laminate
in which the total fraction of plies in the 0° direction is I1 and correspondingly I2 in the 90°
direction. The methods for determining the in-plane engineering constants and the
hygrothermal expansion coefficients are described in Part III, Chapter 2.

Due to waviness of the fibers, the Young’s moduli of bi-directional plies are reduced from the
values of unidirectional plies. Correction factors may be used to take into account this effect,
thus the reduced moduli are

222

111

(F(

(F(

=′
=′

(2.2.1)
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