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Vector Spherical Harmonic Expansion
Tomislav Marinović

Abstract—This document is a brief technical description of
the vector spherical harmonic expansion technique that has
been developed as part of my PhD research on modeling of
electromagnetic coupling in antenna arrays at KU Leuven in
Belgium and Chalmers University of Technology in Sweden. The
obtained results for a Hertzian dipole offset from the origin
have been validated using FEKO, showing good agreement of
computed spherical wave expansion (SWE) coefficients in terms
of both the amplitude and phase.

Index Terms—Helmholtz wave equation, spherical wave ex-
pansion (SWE), Legendre functions, Bessel functions, Hankel
functions, FEKO

I. SPHERICAL WAVE EXPANSION

1 The homogeneous Helmholtz wave equation in spherical
coordinates is written as [1, p. 264]
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where k is the wavenumber. The solutions to this equation
are obtained using the method of separation of variables [1,
p. 264]

ψ(r, θ, φ, t) = R(r)H(θ)Φ(φ)ejωt. (2)

A φ-dependent solution can be expressed as

Φm(φ) = e±jmφ, (3)

where m is an integer (0,±1,±2...±∞).
A θ-dependent solution that is finite over the entire spherical
domain and periodic in θ is called the associated Legendre
function of the first kind and denoted as Pmn [2, p. 401]

Hnm(cos θ) = Pmn (cos θ), (4)

where n = 1, 2...∞ and |m| ≤ n. The associated Legendre
functions, Pmn , are related to regular Legendre polynomials,
Pn, through [3, Eq. 2.168-2.169]

Pmn (x) = (−1)m(1− x2)
m
2
dm

dxm
Pn(x). (5)

Polynomials Pn satisfy the linear second-order Legendre dif-
ferential equation, sometimes termed as the regular Legendre
equation [4, Eq. 12.28], [3, Eq. 2.145]

(1− x2)P
′′

n − 2xP
′

n + n(n+ 1)Pn = 0, (6)
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The factor (−1)m in Eq. (5) is called the Condon-Shortley
phase and is omitted by some authors. It is typically used
within the quantum mechanics community as it simplifies
certain operations with the angular momentum.

For m = 0, the associated Legendre functions reduce
to regular Legendre functions as [3, Eq. 2.170]

P 0
n(x) = Pn(x), (8)

while for m > n,
Pmn (x) = 0. (9)

The latter follows directly from (5) since for m > n, the order
of the derivative, m, exceeds the maximal power n of the
Legendre polynomial Pn. Legendre functions of the negative
degree (−m) are related to those of positive m via [4, p. 772],
[5, p. 23]

P−mn (x) = (−1)m
(n−m)!

(n+m)!
Pmn (x). (10)

The radial dependency comes from the solutions of the stan-
dard form Bessel equation
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R̃ = 0. (11)

The solutions to this equation are given as [3, Eq. 2.159]

R̃ = αkr1/2b(c)n (kr) = βB
(c)
n+1/2(kr), (12)

where b(c)n (kr) denote the spherical Bessel functions of frac-
tional order n which are related to ordinary (general) Bessel
functions, B(c)

n+1/2(kr), as
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(13)
where n = 0,±1,±2...∞, while β

α =
√

π
2 is a constant

chosen for convenience.

The b(c)n (kr) notation is general and denotes any solution to
the spherical Bessel equation, while (c) determines the type
of the radial dependency embedded in the spherical wave
functions, and ranges from 1 to 4. Indices c = 1 and c = 2
represent the radial standing waves, while indices c = 3 and
c = 4 represent the propagating waves and are called the
spherical Hankel functions of the first and the second kind,
denoted by h(1)n (kr) and h(2)n (kr), respectively. All definitions
assume the real-valued wave number k. Under the assumption
of the ejωt time-harmonic factor, spherical Hankel functions
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of the second kind represent the outwardly-propagating waves.

Therefore, the radial solution to the scalar wave equation
written in spherical coordinates (1) is given as

Rn(kr) = h(2)n (kr). (14)

Finally, we collect the three separate solutions of the scalar
wave equation (1), i.e. (3), (4) and (14), obtaining the gener-
ating function fnm [6, p. 88]

fnm(r, θ, φ) = R(r)H(θ)Φ(φ) = h(2)n (kr)Pmn (cos θ)e−jmφ,
(15)

where n = 1, 2...∞ and −n ≤ m ≤ n. Note that the φ-
dependent solution, e±jmφ, has been written in the equivalent
form as e−jmφ, since m can be both positive and negative. In
practice, the SWE modal representation of the electromagnetic
fields is truncated to a finite number of modes. Several rules
of thumb can be applied to determine the upper value of index
N [7, pp. 14.54-14.55]

N ≈ kr0, (16a)
N ≈ kr0 + 10, (16b)

N ≈ kr0 + 3 3
√
kr0, (16c)

where r0 denotes the radius of the minimum sphere
completely enclosing the antenna volume. For a half-wave
dipole, r0 = λ/4.

Definition (15) involves the associated Legendre functions of
a negative azimuthal degree m. As indicated by Eq. (10), the
associated Legendre function, Pmn (cos θ), differs for positive
and negative values of m, which requires additional scaling of
the solution when m < 0 [6, p. 88]. Nevertheless, the general
solution of the scalar wave equation (1) is not unique, which
allows us to write the generating function in the alternative
form as [6, pp. 88-89]

fnm(r, θ, φ) = R(r)H(θ)Φ(φ) = h(2)n (kr)P |m|n (cos θ)e−jmφ,
(17)

where n = 1, 2...∞ and −n ≤ m ≤ n. In this definition,
values of the associated Legendre functions are equal for both
m > 0 and m < 0. Hence, the additional scaling of the
solutions for m < 0 is not required [6, p. 88]. Definition (17)
is used throughout this implementation, and within several EM
simulation platforms, e.g. GRASP [8, p. 168] and FEKO [7,
p. 14-54].
Values of the un-normalized associated Legendre functions (5)
quickly explode with increasing order n which might lead to
numerical errors. Such numerical instability can be (partially)
overcome by normalizing the associated Legendre functions
as

P̄mn (cos θ) = (−1)m

√
2n+ 1

2

(n−m)!

(n+m)!
Pmn (cos θ), (18)

where P̄mn (cos θ) are the normalized associated Legendre
functions.

The generating function (15) now becomes

fnm(r, θ, φ) = R(r)H(θ)Φ(φ) = h(2)n (kr)P̄ |m|n (cos θ)e−jmφ.
(19)

Spherical vector wave expansion functions are computed from
the generating function as [8, p. 169]

F 1nm(r, θ, φ) = cnmm̄nm(r, θ, φ),
F 2nm(r, θ, φ) = cnmn̄nm(r, θ, φ),

(20)

where
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1√
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1√
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)m
(21)

is the scaling factor which accounts for the power-
normalization of the associated Legendre functions, with
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and

n̄nm(r, θ, φ) =
n(n+ 1)

kr
h(2)n (kr)P̄ |m|n (cos θ)e−jmφr̂

+
1

kr

d

d(kr)
{krh(2)n (kr)}dP̄

|m|
n (cos θ)

dθ
e−jmφθ̂

− 1

kr

d

d(kr)
{krh(2)n (kr)})jmP̄

|m|
n (cos θ)

sin θ
e−jmφφ̂.

(23)

Physically, a set of wave functions mnm represents the
TE-component of the electromagnetic field, while a set of
nnm functions describes the TM-component of the field.
Index n represents the variation over the spherical angle θ,
while index m represents the variation in φ. The larger the
value of the index, the faster the angular oscillation.

This set of spherical expansion basis functions (harmonics)
for all pairs of indices n and m constitutes a complete basis
for the expansion of electric (magnetic) fields, where each
member of the basis is orthogonal to all other members of
the basis. This means that any wave can be expressed as a
unique superposition of the spherical vector wave expansion
functions scaled by the corresponding dimensionless weights
Qsnm. Therefore, the electromagnetic field can be expanded
as [8, p. 169]

E (r, θ, φ) = ETE (r, θ, φ) +ETM (r, θ, φ) =

k
√
ζ

∞∑
n=1

n∑
m=−n

Q1nmF 1nm (r, θ, φ) +Q2nmF 2nm (r, θ, φ) ,

(24)

where ζ ≈ 377 [Ω] is the intrinsic impedance of free space.
The scaling term k

√
ζ sets the dimension of the right-hand

side of the equation (24) to
[V

m

]
.



3

Fig. 1. AUT: 0.1λ-Hertzian dipole offset by 1λ from the origin.

The magnetic field follows as

H (r, θ, φ) =
jk√
ζ

2∑
s=1

∞∑
n=1

n∑
m=−n

QsnmF 3−snm (r, θ, φ) .

(25)

II. CALCULATION OF SWE COEFFICIENTS

To calculate the SWE coefficients Qsnm, we use the or-
thogonality method and multiply both sides of the Eq. (24) by
F σνµ. Without further proof, we finally obtain

Q1nm =

∫ 2π

φ=0

∫ π
θ=0

E · F ∗1νµ sin θdθdφ

αP1n(kr)P ∗1n(kr)
,

Q2nm =

∫ 2π

φ=0

∫ π
θ=0

E · F ∗2νµ sin θdθdφ

α
[
n(n+1)
(kr)2 P1n(kr)P ∗1n(kr) + P2n(kr)P ∗2n(kr)

] ,

(26)
where α = δmµδnνk

√
η2πn(n + 1) while P1n(kr) =

Psn(kr)δs1 andP2n(kr) = Psn(kr)δs2 are the radial functions
defined as

Psn(kr) =

{
h
(2)
n (kr), s = 1
1
kr

d
d(kr)

{
kr · h(2)n (kr)

}
, s = 2.

(28)

III. NUMERICAL RESULTS

SWE coefficients for a λ/10 Hertzian offset offset by 1λ
from the origin (see Fig. 1) are computed in MATLAB using
(26) and compared to the coefficients obtained in FEKO. The
magnitude and phase comparisons are given in Figures 2 and
3, respectively. The figures indicate close agreement with the
maximum error in terms of the magnitude within 5 % up to
n = 8. Higher error is observed for small-valued higher-order
modes (n > 8), which can be attributed to the numerical
inaccuracy by using this simple SWE implementation.

The power distribution within the n- and m-modes is plotted
in Figures 4 and 5, respectively, showing excellent agreement
with FEKO’s results.
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Fig. 2. SWE coefficients: magnitude comparison.

Fig. 3. SWE coefficients: phase comparison.

Fig. 4. Total power contained in n-modes relative to the power of the first
mode (n = 1).
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